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Abstract. In the present paper we will discuss Bernstein’s classical theorem for a polynomial F of degree m,

r‘n‘ai(|F’(t)| <m r‘n‘ai(|F(t)| . We will give some related results for a polynomial F holds the
Z|= Z|=

conditions
F'(0)=F"(0)=..=F™Y(0)=0and F(t)#Ofor |t| <l,where 1>1. We will give
LP
inequalities valid for 0 <r < oo.
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Introduction
Let % be the linear space of polynomials over the complex field of degree less than or equal to m.

For F€ T, define

127r i
IF |, ZEXF{E J'Iog‘F(e W)‘dz//j 0
0
2z r %
Fl. = 2 [IFe)| d for 0
IF|, = E!‘ ") dy| for O<r<o
2
Fl, =maxF 0]
3)
Notice that |F|| = lim||F||, and |F| =Ilim|F|,. For 1<r<oo

f—>0" f o0

”” isa norm and therefore T is a normed linear space under ””f . However, for O =r <1 ””f does not

satisfy the triangle inequality and is therefore not a norm this follows from Minkowski’s inequality see [3].
Bernstein’s well knowing result relating the supremum norm of a polynomial and its derivative
states that if

FE B then [IF 7] then IF 1. = mlIF | [9]. This inequality reduces to equality if and only if F® = At for
some complex constant A Erdos conjectured and Lax proved [7].

Theorem 1. 1fF€ T and F(t) = 0 fort| <1, then
m
Fl <—|F
IFl., <5 IF.

(4)
Malik generalized Theorem 1 and proved [4]
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Theorem 2. 1f 7€ Frand F(®) =0 forftf <1 where 1=>1,then

m
<7 IFlL

|||:,""_1+I

()

Of course. Theorem 1 follows from Theroem2 when I=1. Chan and Malik [3] introduced the class of

n
_ \%
polynomials of the form F) = bO + vat *We denote the linear space of all such polynomials as ?””".
v=m
we Notice that 7" = ¥ Chan and Malik presented the following result [3].
Theorem 3. If F& %o and F({)#0 f0r|t| <l where 1>1, then
, m
IFl., <= IFI.
1+1 (6)
Qazi, independently of Chan and Malik, presented the following result which includes Theorem3 [8]
n
_ \%
Theorem 4. 1f F =B+ > bt" e F and F(t)#0. [t|]<l wherel =1,
v=m
, m
[F1, = - [FLL
0 )
Where
-1
5 et Ml 4y |
° | mfpy|+mp, I
(8)

m
Since m|bm|| < m|b0| . Theorem 4 Implies Theorem 3.

P P
Zygmund [11] extended Bernstein’s result to L norms. DeBruijin [6] extended theorem 1 to L norms by
showing.

fFe B F(O)# 0., ] <1 1<r<ow

Theorem 5. | for " then for ——

m
Fl, <——|F
IF1, < oy IF1
' )

Of course theoem 5 reduces to theorem 1 with r= % Rahman and schmeisser [8] proved that theorem5 in

fact holds for O=<r=< “ The purpose of this paper is to show that theorem3 and theorem4 can be extended
p
to L inequalities where O=<r=< ©.
STATEMENT
n
_ v

Theorem 6. If F) = bO +vat € Fn,m and  F(t) = 0for |t| <l where 1>1, then for

v=m

0<r<w

IF”

(10)
Where Jo is as given in Theoremd4. With I' =90 theorem 2 reduces to theorem 4. As mentioned.

Corollary 1. IfFE T and F(t) ;tOf |t| <|Where I >1, then for 0<r<w
or

m
<—— |F
f ||J0+t||f || ||f
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m

IF, < M”F”f with T =22, Corollary 1 reduces to theorem3 of special interest is the fact theorem
f

P
2 and corollary 1 holds for L™ norms for all 1< <90 | particular, we have

Corollary 2. 1fF€ T 4 F () ;tOf <1 nere | 2L hen for 1<T <
or

m
Fil, <—|F
IF1 < s Pl
f (11)
With m=1, Corollary 2 yields an L™ version of theorem 2 with I = %, Corollary 2 reduces to theorem 3

with m=1 and = Corollary 2 reduces to theorem 2. Finally with m=1, =9 and I=1, Corollary 2
reduces to Theorem1.

LEEMAS

We need the following leemas for the proof of our theorem.
Leemal. If the polynomial F(t) of degree m has no roots in the circular domain C and if O € D then
(c—-t)F@t)+mF(t)=0 for teD

Leema 1 is due to Laguerre [5].

Definition for =By By) D™ and F(t) = Z Dt

v=0
ny F(t) = ZﬂVDVtV
v=0

The Operator g is said to be admissiable it if preserves one of the following properties.
feD:lt|<1)

(2) F(t) has all it zeros in {t eD: |t| 21}
The proof of leema 3 was given by Arestov [1]

¢(t) =y (logt) 3 . . F(t)eF
Leema 2. Let where is a convex non decreasing function on R Then for all n

(1) F(t) has all it zeros in

and each admissible operator Np

2z 27

[ 4, Fe“ko< [#(D(B.m|F )0
0 0

(12)
Where D(B.m) = max(|'30|’ |ﬁm|) Qazi proved [5]

Leema3. |f T () =Dq + ZDVtV has no zeros in [ <h1=1 then for ff=1
L|[F'(t) < Jo|[F' ()| <[R'()|

_ N
Where R(t) =t F[%j and Jois as defined in theorema.

mF@) - (t-o)F' ) #0;,, [f[<lLo<l

By lemma3 we have Therefore  setting

— _tp B
o=, pPe Rthe operator " defined by
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A F(t) = (€7 +DF'(t) — me”F(t)

Is admissible and so by Lemma 3 with w(x)=e

27| io f 2r
[l +n T imerr(er) do<m' [JFe)'do
0 0
For r>0
27 i0 io f 2r
I(dFd(z )+eiﬁ{d|:d(2 )—imF(eie)} d@Smf ”F(eie)‘fde
0 0
This gives
27 27| io io f 2r
I J‘(dFd(Z )+eiﬁ|:d|:d(z )_imF(eie):| déd,BSZﬂmF J"F(elﬁ)‘fde
0 O 0
(13)
2r 27w ig io f
J Il )+e‘ﬂ{dFd(z )—imF(e“g)} dadp
0 0
27 i0 i0 : ion
:J-dF(e )| Fly ., o[ dF )/dz—lmF(e ) ap
) de dF(e'?)/do

_TdF(e‘g)f
40

ot—y oY
@D

s, (dF(€7)/d6 - imF (") fdﬁde
dF(e'?)/de

2 io for 1{Al0 f
dF(e i e
- JEED e+ ZED 4o
5| dé 5 F'(e")
27| io f27[ f
dF(e') i
> 1A
_£ T !e +J,| dpdo
(14)
6% +r| r>1.
By the fact that is an increasing function of r for Thus combining (13) and(14) we
get
dF e 27 ) 2z )
( ) a0 {I‘e'ﬁ+J0‘dﬂj£2mF [IFEe”)|'do
0 0 0
(15)
From which the theorem follows for . This results holds good for r=0 and by
r—-0" and r—w
letting
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